We show in this paper that a split-comparability graph G has chromatic index equal to ∆(G) + 1 if and only if G is neighborhood-overfull. That implies the validity of the Overfull Conjecture for the class of split-comparability graphs.
, is the graph whose vertex set is X and whose edge set consists of all of the edges in E(G) that have both endpoints in X. Similarly, the subgraph of G induced by
A ⊂ E(G), denoted by G[A], is the graph whose vertex set consists of all of the endpoints of edges in A and whose edge set is A. A graph G is neighborhoodoverfull if for some ∆(G)-vertex v, G[N [v]] is overfull. Every subgraph-overfull
or neighborhood-overfull graph must also be Class 2. Chetwynd and Hilton [3] proposed the celebrated Overfull Conjecture, which states that a graph G with ∆(G) > n/3 is Class 2 if and only if it is subgraph-overfull. The Overfull Conjecture remains open, but has been proved for several classes of graphs.
Plantholt [4] proved it for graphs containing a universal vertex, i. e., a vertex adjacent to every other vertex of the graph. Hoffman and Rodger [5] proved it for complete multipartite graphs, i. e., graphs whose vertex set can be partitioned into subsets such that a pair of vertices is adjacent if and only if they belong to distinct subsets.
A clique is a set of vertices whose induced subgraph is complete, that is, every two distinct vertices in the clique are adjacent. A clique is maximal if no other clique contains it. A stable set is a set of vertices whose induced subgraph is empty, that is, every two distinct vertices in the stable set are not adjacent.
A graph G is a split graph if its vertices can be partitioned into two sets, say Q and S, such that Q is a clique and S is a stable set. We assume Q is maximal and both Q and S are not empty throughout this paper. We denote by B 2 the bipartite subgraph induced by the edges with one endpoint in Q and other endpoint in S. We denote by d Q the maximum degree of vertices of Q in B and d S the maximum degree of vertices of S in B.
The well structured subclasses of split graphs for which the Classification Problem is solved are the complete split graphs [6] , the split-indifference graphs [7] and all split graphs with odd ∆(G) [6] . There are other partial results on the Classification Problem for split graphs; we refer the reader to the thesis [8] for a rather complete description of such partial results. Some of these results are used in the proof of Theorem 10, and stated in Section 2.
A chordal graph is a graph where each cycle with length at least 4 has at least one chord. Every split graph is a chordal graph [9] . Figueiredo, Meidanis and Mello [10] conjectured that every Class 2 chordal graph is neighborhoodoverfull. In this paper we solve the Classification Problem for a subclass of split graphs known as split-comparability graphs, defined in the next section.
We also show that the main result in this paper implies that both the Overfull
Conjecture and the Conjecture of Figueiredo, Meidanis and Mello hold for splitcomparabilty graphs. The proof of our main result is presented in Section 3 but, before that, we will present in Section 2 some foundations that made this result possible.
Preliminaries
A transitive orientation of a graph G is an orientation of its edges such that whenever the directed edges (x, y) and (y, z) exist, then so does (x, z). A graph G is a comparability graph if it admits a transitive orientation of its edges. A split-comparability graph is a split graph that is also a comparability graph. The following theorem shows a characterization of split-comparability graphs.
Theorem 1. [11] A split graph G = (S∪Q, E(G)) is a split-comparability graph
if and only if Q can be totally ordered v 1 < v 2 < . . . < v r and partitioned into three (possibly empty) segments
has one of the following forms for
The sets with neighborhood with forms (i), (ii) e (iii) are denoted by S l , S r and S t , respectively. We assume, without loss of generality, that p = |N (S l )| and |N (S r )| = r − q + 1. In other words, the only vertices of Q that are not incident with edges of B are precisely those in Q t .
A color class in an edge coloring is the set of all edges with the same color.
An edge coloring is balanced if the cardinality of any two different color classes differ by at most 1. A universal vertex is a vertex adjacent to all the other vertices in the graph, so its degree is n − 1. The next results are well known.
Lemma 2. [12]
If G has a k-edge-coloring then G has a balanced k-edgecoloring. 
Theorem 3. [4] Let G be a graph with a universal vertex, then G is Class 2 if and only if G is overfull.

Theorem 5. [13] Let G be a graph and K
A graph G is saturated if n is odd and G has exactly ∆(G)/2 edges. In other words, G has the maximum number of edges possible without being overfull, therefore (n − 1)∆(G)/2 edges. Every saturated graph has a universal vertex.
The following propositions are needed in the proof of our main theorem. Their is at least one vertex in Q l (Q r ) adjacent to every vertex in S l ∪ S t (S r ∪ S t ).
has a universal vertex.
Solving the Classification Problem for Split-Comparability Graphs
In this section we present the main result, Theorem 10, stated below.
Theorem 10. A split-comparability graph G is Class 2 if and only if G is neighborhood-overfull.
Proof. Clearly, when G is neighborhood-overfull it must be Class 2. We may therefore assume that G is not neighborhood-overfull. If ∆(G) is odd, by Theorem 4, G is Class 1. Hence, we may assume ∆(G) is even.
We shall consider that Q is maximum, which implies that every ∆(G)-vertex belongs to Q. According to the definition of a split-comparability graph, every ∆(G)-vertex will either be in Q l or Q r . If only one of such sets (Q l and Q r ), say Q l , has a ∆(G)-vertex, by Corollary 9 the subgraph induced by Q ∪ S l ∪ S t , which is the semicore of G, has a universal vertex. As G is not neighborhoodoverfull then its semicore is not overfull. By Theorem 3, since the semicore of G has a universal vertex and is not overfull, then the semicore is Class 1. By Theorem 5, we conclude that G is Class 1 as well. Thus, we may consider that both Q l and Q r have ∆(G)-vertices. By Proposition 8, every ∆(G)-vertex of Q l is adjacent to every vertex of S l ∪ S t and every ∆(G)-vertex of Q r is adjacent to every vertex of S r ∪ S t . Since both Q l and Q r have ∆(G)-vertices we deduce
By Theorem 6, we shall consider that every vertex in S has degree either smaller than |Q|/2 or greater than ∆(G)/2. By definition, Q r ∩ Q l = ∅, so Q r and Q l cannot have cardinality greater than ∆(G)/2, once ∆(G) > |Q|.
If Q r and Q l have cardinality smaller than |Q|/2 then Q t = ∅. Moreover,
In this case, let v ∈ S r be a vertex with degree |Q r | and let G ′ be the graph obtained from G by the addition of edges between v and vertices of Q t so as to ensure that
It is easy to see that ∆(G ′ ) = ∆(G). By Theorem 6, G ′ is Class 1. Hence G, which is a subgraph of G ′ , is Class 1 as well. We may thus assume, without loss of generality, that |Q r | < |Q|/2 and |Q l | > ∆(G)/2. In sum, we shall consider the case where ∆(G) is even,
We label the vertices of Q as in Theorem 1, i. e., (v 1 , v 2 , . . . , v r ). Similarly, we label the vertices of S l as (u 1 , u 2 , . . . , u s ) and of S r as (w 1 , w 2 , . . . , w s ), where
Finally, we label the vertices of S t as (x 1 , x 2 , . . . , x t ), where
In order to color the edges of G we will construct a saturated graph G l . Such graph will initially be defined as
then some extra edges will be added to ensure it is saturated. We label the vertices of G l with the same labels used in G. Note that, by Proposition 8,
While G l is not saturated, the following types of edges will be added, respecting the following order for addition: group 1 = { (u i , u j ),
Within each group of edges, we follow an order for such additions so as to make sure that an edge incident to a vertex u i+1
(or x i+1 ) will only be added after every possible edge incident to u i (or x i ) has already been added.
The graph G l thus obtained has a universal vertex, an odd number of vertices and is saturated; therefore, by Theorem 3, G l is Class 1. By Lemma 2, G l has a balanced edge coloring with ∆(G) colors. Let C = {1, 2, . . . , ∆(G)} be a set of colors and β : E(G l ) → C be a balanced edge coloring of G l . We will now obtain an edge coloring α : E(G) → C for G from β by first assigning:
Note that all edges of G that were not colored, must be incident to a vertex of S r . We next show how to assign colors to such edges so as to obtain a ∆(G)-edge-coloring for G.
Consider the set {v q , v q+1 , . . . , v r } in G l . We will abuse notation and call this set Q r in G l too. There might exist a vertex u h ∈ G l such that u h is adjacent to a non-empty and proper subset of Q r . If there is such a vertex u h , then it is unique, given the order specified for the addition of edges to G l in Group 4. Assume u h exists and let d be the number of neighbors of u h in Q r . Since |Q r | < |Q|/2 < ∆(G)/2 and every vertex not adjacent to u h is in Q r , then the degree of u h in G l is less than ∆(G)/2. Since G l is saturated, we conclude that there must be a vertex u h+1 not adjacent to any vertex of Q r .
As |S l | = |S r |, at least one vertex w h+1 in S r has no colored edges. Since the coloring β is balanced and G l is saturated, by Proposition 7, every color misses exactly one vertex of G l . Let ℓ(v) be the set of colors missed in vertex v in edge
Therefore, for every vertex v i ∈ Q r there are enough colors in ℓ(v i ) to color the uncolored edges of G incident to v i .
Let C ′ be the set of colors incident to w h in coloring α.
(v, w h+1 ) ∈ E(G) define α(v, w h+1 ) = c and remove the color c from ℓ(v) (even if no such edge exists). We can see ℓ(v) has enough colors to color the remaining
Note that the coloring α obtained so far is an edge coloring because w h+1 = w h . Now we have only some edges (v i , w j ) to color, where v i ∈ Q r e w j ∈ S r . By 
Conclusion
We proved that every split-comparability graph is Class 2 if and only if it is neighborhood-overfull. There are important implications of this result. First, the Overfull Conjecture holds for this class, by Lemma 11 and Theorem 10.
The Conjecture of Figueiredo, Meidanis and Mello, which states that a chordal graph is Class 2 if and only if it is neighborhood-overfull, also holds for this subclass of chordal graphs. Finally, since a neighborhood-overfull graph can be recognized in polynomial time, our proof implies that the Classification Problem can be solved in polynomial time for split-comparability graphs.
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